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Consider a qubit-qutrit (2 × 3) composite state space. Let C( 1
2
I2,
1
3
I3) be a convex set of all
possible states of composite system whose marginals are given by 1
2
I2 and
1
3
I3 in two and three
dimensional spaces respectively. We prove that there exists no pure state in C( 1
2
I2,
1
3
I3). Further
we generalize this result to an arbitrary m×n bipartite systems. We prove that for m < n, no pure
state exists in the convex set C(ρA, ρB), for an arbitrary ρA and rank of ρB > m.
I. 2× 3 SYSTEM
For a two qubit system, Parthasarathy proved that the
extremal points of C(1
2
I2,
1
2
I2) are maximally entan-
gled pure states [1]. It was suggested by G.L.Price
and S. Sakai [2] that this is probably true for every
C( 1
n
In,
1
m
Im). Oliver Rudolf [3] and H Ohno [4] con-
structed examples of extreme elements of C(1
3
I3,
1
3
I3)
and C(1
4
I4,
1
4
I4) that are not pure states. Recently, Kan-
mani [5] has constructed a specific example of an ex-
tremal state of C(1
2
I2,
1
3
I3) that is mixed entangled state.
In this work, we show that there exist no pure states in
the convex set C(1
2
I2,
1
3
I3).
A general pure state of a qubit qutrit system is given by
ρAB =
1∑
i=0
1∑
j=0
2∑
k=0
2∑
l=0
CikC
⋆
jl|iAkB〉〈jAlB| (1.1)
Marginals are obtained by partial trace over one subsys-
tem. Partial trace over qutrit gives marginal in qubit
space, given by
ρA =
2∑
m=0
〈mB|ρAB |mB〉 (1.2)
The partial trace of the general pure state can be shown
as
ρA =
1∑
i=0
1∑
j=0
2∑
m=0
CimC
⋆
jm|iA〉〈jA| (1.3)
Two choices of coefficients (a) |C00|
2 = |C11|
2 = 1
2
and
C01 = C10 = C02 = C12 = 0 and (b) |C01|
2 = |C10|
2 = 1
2
and C00 = C11 = C02 = C12 = 0 result in ρA =
1
2
I2. On
the other hand the partial trace over qubit gives marginal
in qutrit space which can be obtained as follows.
ρB =
1∑
m=0
〈mA|ρAB|mA〉 (1.4)
ρB =
2∑
k=0
2∑
l=0
1∑
m=0
CmkC
⋆
ml|kB〉〈lB | (1.5)
This marginal can be expanded as follows.
ρB = (C00C
⋆
00
+ C10C
⋆
10
) |0B〉〈0B|
+ (C00C
⋆
01 + C10C
⋆
11) |0B〉〈1B|
+ (C00C
⋆
02 + C10C
⋆
12) |0B〉〈2B|
+ (C01C
⋆
00
+ C11C
⋆
10
) |1B〉〈0B|
+ (C01C
⋆
01 + C11C
⋆
11) |1B〉〈1B| (1.6)
+ (C01C
⋆
02
+ C11C
⋆
12
) |1B〉〈2B|
+ (C02C
⋆
00
+ C12C
⋆
10
) |2B〉〈0B|
+ (C02C
⋆
01 + C12C
⋆
11) |2B〉〈1B|
+ (C02C
⋆
02
+ C12C
⋆
12
) |2B〉〈2B|
For ρB =
1
3
I3, we must set the coefficients of |kB〉〈lB|
with k 6= l to zero and the coefficient of the same term
with k = l has to be set to 1/3. It can be see that such
a choice does not exist.
Here is another way to understand the result and the
following proof is given by S. Kanmani [6]. Let ρAB be
a pure state density matrix of 2× 3. Since, a pure state
is a rank-one projection operator, ρAB can be written as
V ∗V , where V = (a1, a2, ..., a6) is a row vector and V
∗
is the conjugate transpose of it. Hence,
ρAB =


a¯1a1 a¯1a2 a¯1a3 a¯1a4 a¯1a5 a¯1a6
a¯2a1 a¯2a2 a¯2a3 a¯2a4 a¯2a5 a¯2a6
a¯3a1 a¯3a2 a¯3a3 a¯3a4 a¯3a5 a¯3a6
a¯4a1 a¯4a2 a¯4a3 a¯4a4 a¯4a5 a¯4a6
a¯5a1 a¯5a2 a¯5a3 a¯5a4 a¯5a5 a¯5a6
a¯6a1 a¯6a2 a¯6a3 a¯6a4 a¯6a5 a¯6a6


(1.7)
This allows one to re-write the ρAB in the form of a block
matrix of 2×2, where each entry is a 3×3 scalar matrix.
ρAB =
[
V ∗
1
V1 V
∗
1
V2
V ∗
2
V1 V
∗
2
V2
]
(1.8)
Where V1 = (a1, a2, a3) and V2 = (a4, a5, a6) and hence
V1V
∗
1
and V2V
∗
2
are both 2 × 2 scalar matrices of rank
one. It can be verified that, ρB, one of the marginal
states of ρAB is given as ρB = V
∗
1
V1 + V
∗
2
V2. Thus, ρB
is sum of two rank-one matrices. Since, rank( A + B) ≤
rank(A) + rank(B), it follows that the rank of ρB has to
be less than or equal to two. As 1
3
13 is a matrix of rank
2three, it follows that there exist no pure state in 2 × 3
whose marginal is 1
3
13. The following proposition is a
generalization of this observation.
Proposition Consider a composite quantum system
HA ⊗ HB, of dimension m × n. Then, the rank of the
marginal ρB, that corresponds to that any pure state
ρAB of HA ⊗HB, has to be less than or equal to m.
This is because, ρB is sum of m number of rank one
matrices and hence cannot have a rank more than m.
Clearly, when m ≥ n this is a trivial assertion. However,
when m < n the above proposition provides some
useful information as in the context of the convex set of
C(ρA, ρB).
Proposition Consider the convex set of C(. , ρB) =
{ρAB : TrA(ρAB) = ρB} in the context of a composite
quantum system HA ⊗HB of dimension m× n . If m is
less than the rank of ρB then the set C(. , ρB) does not
contain any pure state.
Parthasarathy [1] proved that there is a upper bound
for the the rank of the extreme elements of the convex
set C(ρA, ρB). Similarly, when the composite system is
Cm⊗Cn , wherem < n, the rank of the extreme elements
of C(ρA, ρB) has to be more than one if rank of ρB > m.
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